Abstract. Let E be an elliptic curve defined over an abelian number field K of degree m. For a prime ideal p of O K of good reduction we consider E over the finite field O K /p and let a p (E) be the trace of the Frobenius morphism. If E does not have complex multiplication, a generalization of the Lang-Trotter Conjecture asserts that given r, f ∈ Z with f > 0 and f | m, there exists a constant C E,r,f ≥ 0 such that
Introduction and statement of results
Let E be an elliptic curve defined over a number field K. Set [K : Q] = m and denote by O K the ring of integers of K. Let p ⊂ O K be a prime ideal which lies above the rational prime p ∈ Z, and denote by deg K (p) the degree of p. If E has good reduction at p, then we may consider E over the finite field O K /p. If we denote by a p (E) the trace of the Frobenius morphism, then the number of points on E over O K /p is In the case that K = Q, Lang and Trotter [12] made the following conjecture. E (x) ∼ C E,r · π 1/2 (x) ∼ C E,r · √ x log x as x → ∞.
#E(O K
Although the Lang-Trotter Conjecture remains open, there are many partial results. For example, Elkies [7] proved that for any elliptic curve E/Q there are infinitely many primes p such that a p (E) = 0. Moreover, there are several results which verify that the conjecture is true in an average sense over families of elliptic curves defined over Q (see [1] , [3] , [4] , [8] , [9] , [10] ). For K = Q, less is known. In [5] David and Pappalardi proved the following result. , and for t ∈ R >0 we let C t := {( v, w) ∈ (Z m ) 2 : v , w ≤ t and ∆ v, w = 0}.
In this paper we prove the following theorem (the case of even r can be handled in a similar way).
The organization of the rest of this paper is as follows. In Section 2 we state Theorem 2.2, which is a more precise version of Theorem 1.3, and show that it follows from three key lemmas. Lemma 2.3, which is proved in Section 4, relates the desired average of the main theorem to a weighted sum of special values of L-series. Lemma 2.4, which is proved in Section 6, gives estimates for this weighted sum. Finally, Lemma 2.5, which is proved in Section 8, gives an Euler product representation for one of the constants appearing in Lemma 2.4. Sections 3, 5 and 7 contain various technical results which are essential to our proofs of the three key lemmas.
Proof of Main Theorem
In this section we prove a more precise version of Theorem 1. We define constants for use in the cases f = 1 and f = 2 respectively as follows:
Next we recall a classical result which gives a useful characterization of abelian number fields. Suppose from now on that K is abelian, and for f | m fix a f,1 , . . . , a f, f , B K ∈ Z so that a prime p ∈ Z splits into degree f primes in
and if m is even let
We now state our main result.
Theorem 2.2. Let K be an abelian number field, and suppose t ≥ x 1/f . Then
for any c > 0, and if m is even,
Moreover, if f ≥ 3 and f | m, then
Recall that if χ is a Dirichlet character, we have the Dirichlet L-series
where ∆ K is the discriminant of K, and for k any positive integer let
We utilize the following three lemmas in our proof of Theorem 2.2.
where
The next lemma consists of a result of James [ 
,
Then we have the following estimates for the weighted sums of L-series appearing in Lemma 2.3.
Our third lemma gives an Euler product expansion for the constant appearing in the f = 2 case of Lemma 2.4 (for the f = 1 case see [11, Theorem 1.1]). Lemma 2.5. We have
Proof of Theorem 2.2. First suppose f = 1. We combine Lemmas 2.3 and 2.4 to obtain
In [11] James proved that
and thus
. Moreover, one can show that
Integrating by parts gives
and our result now follows. Now suppose f = 2. Here Lemmas 2.3 and 2.4 yield
It is easy to see that the first term in the brackets is O(1). Moreover, integrating by parts gives
and since Lemma 2.5 implies that
our result follows. Finally, suppose f ≥ 3. By (9) and (10) it suffices to show that the sum on the right hand side of (9) is O(1), and this follows easily from (7).
Counting Curves
In this section we gather results that will aid us in estimating the number of ( v, w) ∈ C t such that E v, w reduces to a given elliptic curve.
Note first that #{n ∈ Z : |n| ≤ t} = 2t + O(1). Moreover, given v ∈ Z m there are at most two values of w ∈ Z m such that ∆ v, w = 0. It follows that
Let p ⊂ O K be a prime ideal of degree f which lies above an unramified rational prime p > 3. Recall (see [16] ) that in order to reduce an elliptic curve E/K modulo p one first obtains a minimal model for the curve at p, and then reduces the coefficients of this model modulo p. We denote the resulting curve by E p , and for γ ∈ O K we denote by γ p its image in O K /p. In order to obtain our estimate we will use the fact that if ord p (R( v)) < 4 or ord p (R( w)) < 6, then the model (1) of E v, w is minimal at p.
Next note that since
and therefore
Set s = p m−f , and suppose {ρ 1 , . . . ρ s } is a complete set of distinct coset representatives for
If we define, for each 1
when t ≥ p.
The Average in Terms of L-Series
In this section we prove Lemma 2.3. We begin by recalling the Hurwitz class number (see, for example, [13] ), which is a weighted sum over the equivalence classes of binary quadratic forms f (x, y) = ax 2 +bxy+cy 2 of a given discriminant. More precisely, if we let ∆ f = b 2 −4ac denote the discriminant of f , then for ∆ > 0,
The Kronecker class number K(−∆), meanwhile, is simply the number of equivalence classes of binary quadratic forms of discriminant −∆. For our purposes it will be more convenient to work with H(∆) (note that H(∆) = K(−∆) + O(1)). We recall (see [5] ) that
where h(d) and w(d) denote respectively the Dirichlet class number of, and the number of units in, the imaginary quadratic order of discriminant d. Moreover, Dirichlet's class number formula states that
Let p > B(r) be prime. Then 4p f − r 2 > 0, and for a positive integer k with
since r is odd, we therefore obtain the following useful estimate:
Since p > 3, any elliptic curve over F p f may be written in the form
Recalling that E a ,b ∼ = E a,b over F p f if and only if there exists u ∈ F * p f such that a = u 4 a and b = u 6 b, it follows that
if a = 0 and p f ≡ 1 (mod 3),
otherwise.
Following Schoof [15] we define N (r) to be the number of F p f -isomorphism classes of elliptic curves with p f + 1 − r points defined over F p f . Since p r, by Deuring's Theorem (see [6] or [15, Theorem 4.6] )
we have the following result.
Proof. LetẼ denote an F p f -isomorphism class of elliptic curves. Since there are at most ten isomorphism classes containing other than
curves E a,b , we have that
Our result now follows from (7).
Proof of Lemma 2.3. Note first that 1
For a prime ideal p of degree f lying above a rational prime p > B(r) we have that (1) is not minimal at p. Since in the latter case we have R( v) p = R( w) p = 0, by (4) and Theorem 4.1 it follows that
Next note that the conditions N (p) ≤ x and deg K (p) = f together imply that p ≤ x 1/f . Then our assumption that t ≥ x 1/f , along with (3) and the fact that the prime ideals p lying above primes p ≤ B(r) do not affect our average, allows us to conclude that
If p is unramified in K, then deg K (p) = f if and only if there are g(p) = m/f primes in O K which lie above p. It follows that
Using the bound in (7), we find that the summand on the right hand side of (8) is
Since t ≥ x 1/f , we may therefore write
where, by standard estimates,
Using the equality in (7) we may rewrite the main term on the right hand side of (9) as
log p, upon reversing the order of summation (and noting that we only need consider k ≤ 2 √ x) in (11) we obtain m πf
The error term in (12) is easily seen to be O(1), and thus can be absorbed into E(x, t). Moreover, partial summation allows us to replace the main term of (12) with
Setting s = S 1/f , and noting that
Observe that if p > B(r), then p r. It follows that if k 2 | r 2 − 4p f , then (k, 2r) = 1. Since g(p) = m/f if and only if p ≡ a f,1 , . . . , a f, f −1 or a f, f (mod B K ), our result follows.
Computing C r (a, n, k)
Let a, n, k ∈ Z with n, k > 0. In this section we give formulae for evaluating
We utilize the following straightforward consequence of Hensel's lemma.
Lemma 5.1. Suppose N, s, L ∈ Z with N odd and s, L > 0. Then for any X ∈ Z,
has a unique solution M modulo 2 L .
By the Chinese Remainder Theorem
2 ) and = 1 + 2 .
Lemma 5.2. Let p be a prime such that p | 4Bnk 2 .
(1) If p is odd and 1 = 0, then
(2) If p is odd and 1 > 0, then
Proof. For the sake of brevity we prove only (4) (the other cases can be handled similarly). Let u = min( 1 + 3, 2 ). First suppose that there exists an odd integer b such that 
Averaging Special Values of L-series
In this section we prove the f = 2 case of Lemma 2.4 (for the f = 1 case see [11, Proposition 2.1]). In [5] David and Pappalardi present a proof of the f = 2 case of Lemma 2.4 when K = Q(i), A = 3 and B = 4, and our proof uses similar arguments.
Proof of Lemma 2.4 (for f = 2). Let U be a parameter to be determined later. By [5, (4. 2)] we have
We first show that the part of the sum on the right side of (16) with k sufficiently large can be absorbed into the error term. Let V be a parameter to be determined later. Then
Denote by ν(k) the number of distinct prime divisors of k. Then by the Chinese Remainder Theorem 4h 2 ≡ r 2 (mod k 2 ) has at most 2 ν(k) solutions h when (k, 2r) = 1, and therefore
Since 2
To estimate the sum n∈N e −n/U n we first note that if U > 1, then
and hence
Supposing V ≥ log (c+3)/2 x and U √ x, (18) and (19) yield
Then by (16) and (17) we conclude that
(20)
Next we show that the portion of the sum on the right hand side of (20) with n large can be absorbed into the error term. Note first that
Recalling that U ≥ x 7/16 log 2c x and V ≤ 2 √ x, we obtain
and combining this with (20) yields
Since
• n is periodic modulo 4n, we can rewrite the innermost sum on the right hand side of (21) as
log p, which we may further rewrite as
log p and the O-term comes from the primes ≤ B(r) and the prime divisors of n (recall that in the outer sum we have the condition (k, 2r) = 1).
If
, by our work above we have that
We now show that the contribution of the last two summands on the right hand side of (22) to the sum on the right hand side of (21) can be absorbed into the error term. Since
Next note that if we reverse the order of the summation involving
, then the sum on a has at most one summand. Thus (23)
Applying the Cauchy-Schwarz inequality and the identity
and the Barban-Davenport-Halberstam Theorem [2] asserts that if X > Q > X/ log X for some > 0, then
Assuming from now on that
it follows that
for k ≤ V , and this, along with the inequalities φ(k 2 ) ≤ k 2 and φ(CD) ≤ Cφ(D), implies that the right side of (25) is
This quantity is
for our choice of U and V . Combining this with (21), (22) and (23) we obtain
Our result therefore follows from the following proposition, which also implies the convergence of our summation formula (2) for C r,A,B .
Proposition 6.1. For any c > 0,
when U and V are chosen as in (26).
Proof. We begin with the identity
(see [5, p. 198] ). Our first aim is to show that the terms in the sum on the left hand side of (27) with n large can be absorbed into the error term.
and is at most 2 if p | nk and p B. It follows that
and thus (28) a∈(Z/4nZ) * a n C r (a, n, k) ≤ 64Bφ(n)2 ν(nk) .
As 2 ν(k) k 1/2 , the first factor on the right hand side of (29) is a convergent series, while
We conclude that
Next we show that the terms in the sum on the left hand side of (27) with n small and k large can be absorbed into our error term. By our arguments above we have (31)
, we have that k>V
Moreover, using partial summation and the fact that n≤T 2 ν(n) T log T [17, Exercise 2, p. 53], we find that
Now (31), (32) and (33) imply that
and combining this with (30) yields
Our result now follows from (27) and the definition of C r,A,B .
Constructing a Multiplicative Function
In this section we construct a function for use in the proof of Lemma 2.5. Let n and k be positive integers, and suppose (k, 2r) = 1. Define n by n = 2 ord 2 (n) n , let
and define
Lemma 7.1. Let q be an odd prime and α a positive integer, and let β = ord q (k).
(1) c k (n) is a multiplicative function, and c k (1) = 1.
) and α is even, 0 otherwise.
if q | r and α is odd,
if q r and α is odd,
if q r and α is even.
Proof. For (1) we refer the reader to [4, p. 173-174] , where a similar result is proved. Also, note that (5) follows immediately from (2) and (3).
For the remainder it will be convenient to note that by Lemma 5.2,
where, as before, 1 = ord q (B), 2 = ord q (4q α k 2 ) = α + 2β and = 1 + 2 . Using Lemma 5.2 again to evaluate the inner sum, we obtain
(2) If 2β ≥ 1 , then
Since q | k and (k, 2r) = 1, by (34) this implies that
On the other hand, if 2β < 1 and we write k = q β k 1 , then The proof is similar when 1 > 1.
Computing the Constant
In this section we prove Lemma 2.5. We begin by recording several evaluations of d p,a,k (n) which follow directly from Lemma 5.2. q 2α f q,q β .
Our result now follows from Lemma 7.1 and the formula for the sum of a geometric series.
